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Fraunhofer diffraction is a well-known phenomenon achieved with most wavelength even without lens. A single-shot 
intensity measurement of diffraction is generally considered inadequate to reconstruct the original light field, because 
the lost phase part is indispensable for reverse transformation. Phase retrieval is usually conducted in two means: priori 
knowledge or multiple different measurements. However, priori knowledge works for certain type of object while 
multiple measurements are difficult for short wavelength. Here, by introducing non-orthogonal measurement via high 
density sampling scheme, we demonstrate that one single-shot Fraunhofer diffraction pattern of complex object is 
sufficient for phase retrieval. Both simulation and experimental results have demonstrated the feasibility of our scheme. 
Reconstruction of complex object reveals depth information or refraction index; and single-shot measurement can be 
achieved under most scenario. Their combination will broaden the application field of coherent diffraction imaging. 
 
Fraunhofer diffraction, also known as far-field diffraction, 
does not necessarily need any extra optical devices except a 
beam source. The diffraction field is the Fourier transform of 
the original light field. However, for visible light or X-ray 
diffraction, the phase part is hardly directly measurable1. 
Therefore, phase retrieval from intensity measurement 
becomes necessary for reconstructing the original field. In a 
broad sense, there are two ways to compensate for the lost 
phase part. One way is adding prior knowledge about the 
object; another way is taking multiple different 
measurements. In 1978, Fienup developed an algorithm 
based on alternating projection using nonnegativity as a 
constraint of the recovered image2,3. Reconstruction for 
noncrystalline object from the intensity measurement of 
Fraunhofer diffraction was achieved by Miao et al. in 19994,5. 
With the development of compressive sensing theory, 
sparsity of the image in certain transformation is also 
incorporated to solve phase retrieval problem6-9. Recently, 
method called PhaseMax is raised pursuing the solution 
maximizing the inner product with an approximation 
vector10,11. These approaches above use prior knowledge to 
make up for the lost phase part. On the other hand, if several 
different measuring matrixes can be cast on the diffraction 
setups, matrix completion methods like Phase Lift and 
Wirtinger Flow can perform well even for complex 
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problem12-14. These matrix complement methods require 4N-
4 (N stands for the dimension) generic measurements such as 
Gaussian random measurements for complex field15. 
Ptychography is another reliable method to achieve image 
with good resolution if the sample can endure scanning16-19. 
To achieve higher spatial resolution around the size of atom, 
beams with shorter wavelength like hard X-ray or electrons 
are widely used these days. But these high energy particles 
will heat the sample or even break the chemical bonds20. 
Multiple measurements (like ptychography or matrix 
complement methods) appear difficult to be implemented for 
fragile sample under hard beams. Both priori knowledge and 
multiple measurements have their advantages in different 
circumstance if the object can meet certain condition. 
However, sometimes conflicts occur between our needs and 
demand of measuring methods. For example, getting 3D 
information of biological sample ‘alive’ with high resolution 
means complex object and only one beam shot with few 
optical devices. The most demanding phase retrieval shows 
little noise endurance and usually ends up in simulation. 
Application of phase retrieval is usually conducted by 
assuming the object is real, even when the diffraction pattern 
is non-centrosymmetric (meaning complex object). Here, we 
demonstrate the feasibility of reconstructing complex object 
without prior information from the intensity measurement of 
single-shot Fraunhofer diffraction in lab condition. 
 
The light field of two-dimentional Fraunhofer diffraction can 
be computed by 
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of emergent light;  is wavelength; 
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light field of the illuminated object. Fast Fourier transform 
(FFT), whose bases are orthogonal and can be quickly 
computed, is the most widely used discrete Fourier 
transform. Due to independence of these measurement 
vectors, if not provided with any prior information, any 
phase multiplied by the intensity of diffraction pattern for 
complex original field is reasonable and can be inverse 
transformed. To constraint the phase part, we need non-
orthogonal measurement vectors, which means higher 
sampling density in k domain (diffraction plane). In order to 
distinguish from FFT, we call this scheme high-density 
Fourier transform (HFT). 
 
If the diffraction field is measured completely including the 
phase, the measurement can be taken as a linear process, 
multiplying vectorized signal of original light field 
x
o  by 
measurement matrix M. Measurement 
k
F  at different 
position k of diffraction plane is the inner product of 
corresponding row 
k
m  and  
x
o . 
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jm  is a set of complete orthogonal basis. 
The inner product P  of the measurement of k  and 
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convenience, we set 
1 2
l l l   below. 
 
 
Fig.1 | Inner product of measuring vectors. Modulus of inner product for 
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HFT contains more information than FFT in intensity 
measurement. Take the following matrix    
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for example, the magnitude of shifted (shifting the zero-
frequency component to the center) FFT 
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is not; because the magnitude part of orthogonal integer 
measurement is centrosymmetric while the phase part is not. 
The fractional measurement, linear superposition of integer 
measurement, can reveal phase information via intensity. 
Phase of Fourier transform is usually believed to carry more 
information; the image of 
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domain) without any iteration algorithm from the image of 
2
1
2
( )
( ( ) )
( )
mix
HFT O
O iHFT HFT O
HFT O
  , where 
2
O  is an all-
ones matrix. As can be seen from Fig.2b, shape of 
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emerges at high sampling ratio 2R r for certain noise 
level, where 
1
r l

 is the interval between adjacent sampled 
measurement. Intensity of Fraunhofer diffraction is usually 
in dramatically uneven distribution, different types of noise 
have different effect on performance of phase retrieval. 
Noise in simulation hereinafter is in the form:
'a a rnoi randn anoi randn      , where a is the 
magnitude and randn is a Gaussian random matrix generated 
by Matlab whose variance is 1. To some extent, in order to 
retrieve the complex field from single-frame noisy 
Fraunhofer diffraction, the sampling ratio needed should be 
much higher than the regular 4× or 8×.  
 
As shown in Fig.1, the inner products exhibit strong locality. 
They are zero at “integer” positions, which correspond to the 
basis of FFT. The superposition coefficient will change from 
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much larger for neighbor ‘integer’ measurement than non-
neighbor ones. With higher sampling density, non-neighbor 
coefficient difference can be ignored, making the quadratic 
problem more localized and provide some robustness. Still, 
for the vast magnitude range of Fourier transform, even 
hundred times coefficient may not be good enough for high 
noise measurement. A quadratic problem like 
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conjugate solutions of phase difference. Every adjacent pair 
will give two solutions and the combination will be 12N   if 
coefficient between measurement with k distance more than 
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  is ignored. Therefore, phase retrieval without other 
constraint is difficult for 1D problem. For 2D case, four 
points will form a loop and the phase   may change from 
some value 
0
  to the value 
0
2 n   (n is an integer) as 
going around the loop to the same starting point. Loop 
constraint for all loops in multi-dimensional case is 
equivalent to loop constraint for all 4-point loops (see 
supplementary information). Without noise, only two 
conjugate solutions will be generated under these loop 
constraints. 
 
 
Fig.2 | Demonstration of different sampling density. a: coefficient ratio 
between adjacent and secondary adjacent measurement by sampling density.  
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  b: 
Inverse HFT of phase multiplication for different sampling ratio. Images 
demonstrated are the imaginary part. Values of “CTHULHU” are all i, while 
those of the background are all 1. Here we set 0.5,  100rnoi anoi   . 
Mean value of imaginary part on the right is 0. 
 
For discrete case, though the phase part is different from 
continuous case (see supplementary information), HFT can be 
computed by  
1 1 2 2
1 2
1,2
2 2
1 2 1 2
1
1,2
1,2
( , ) ( , )
1 2
  ( , ,..., )
i n k i n kN
N N
n
F k k O n n e
N r
k
r r r
 






,  
which can be converted into 
1 2
1 2
1,2
2 ' 2 '
1 2 1 2
1
1,2 1,2
1 2 1,2 1 1,2
1 2
1,2 2 1,2 1,2
( ', ') '( , )     
' 1,2,...,
( , )      [1, ]
'( , )
0           [ 1, ]
i nk i nkN r
N r N r
n
F k k O n n e
k N r
O n n n G N
O n n
n G N N r
  
 


 
 
 
   

  
The intensity computed by this method is consistent with 
experiment result (see Fig.3).  
 Fig.3 | Magnitude of simulation and experiment for FFT and HFT of 
XO. Black part of XO is 1, white part is i. HFT here is computed in converted 
method. 
 
Via this conversion, measuring procedure can be fast 
computed and the quadratic problem is turned into pursuing 
zero in the zero zone 
2
G  , compatible with many existing 
algorithms. Here we use the classic hybrid input-output (HIO) 
algorithm3, which is widely used in coherent diffraction 
imaging (illustrated in Fig.4): 
  
Fig.4 | Diagram of HIO algorithm. Procedure of expanding depends on 
1
G  and size of measurement. β can be a partially random matrix. 
Input: a, T, tol 
a- magnitude of Fraunhofer diffraction measurement 
T- max number of iteration  
tol- toleration for sum of 
2
G   
Output: z-reconstructed original field 
Initialization: choose initial 
0
z  (e.g. a random or all-ones 
matrix), 
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For noise-free or low-noise measurement, reconstruction can 
be attained even when the original field has random magnitude 
and phase distribution. Though reconstruction degrades when 
noise increases, the degradation is mainly caused by overlap 
of conjugate solutions26 as indicated in Fig.5d. Noise 
exceeding superposition coefficient will make S for the 
overlap of two eigensolutions close to S of the two 
eigensolutions. It is hard to distinguish the eigensolution from 
the overlap in the absence of other constraints. To acquire a 
reconstruction with less overlap, noise level should be 
controlled near or below superposition coefficient. For noise-
free measurement, oversized
1
G  leads to overlap of solution 
caused by translation solutions while narrow
1
G  provides 
insufficient freedom. Inappropriate zone division will cause 
rise in S, as shown in Fig.5e. For noisy measurement, 
influence on S of overlap of translation solution can be 
compared with influence of noise; while degree of freedom 
has a greater influence on finding solution for noisy 
measurement. When
1
G  is too small, S still decreases 
dramatically with the increasing size of
1
G  ; when
1
G  is 
oversized, variation of S becomes relatively stable. Therefore, 
we can determine appropriate size of 
1
G   according to S, 
even if the right size is not provided beforehand. 
 Fig.5 | Simulation result of phase retrieval based on HFT. Inverted when conjugate solution achieved. a, b: reconstruction for random complex case, 
400,  1000R T  , imaginary part shown. 0rnoi  in a, while 0.1rnoi  in b. c: reconstruction for 
2
max( )
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i
LenaO e

 , 1024,  1000R T  . d: reconstruction 
for the ‘CTHULHU’ on the left, 0.3,  0.5rnoi   , 100,  1000R T   . e: logarithmic display of averaged S   from 20 runs in reconstruction for 
2
max( )
Lena
i
LenaO e

 , 0,  0.1,  0.2rnoi  , 100,  1000R T  , the original size is 32×32. 
 
The scheme in experiment setup is depicted in Fig.6. 
Illuminating beam is generated by 632.8nm He-Ne laser 
(Thorlabs HNL150RB) and polarized by linear polarizer 
(Thorlabs LPVISB100-MP2). By applying voltage on liquid 
crystal on silicon (LCoS) spatial light modulator (SLM) 
(Meadowlark Optics 1920×1152, pixel pitch 9.2 µm× 9.2 µm), 
we form complex object with certain phase distribution. 
Several absorptive neutral density filters (Thorlabs NEK01S) 
are placed obliquely between optics to reduce secondary 
reflection, while those vertical to the beam are for adjusting 
laser intensity. Mapping between k domain and camera pixel 
is attained by inputting the phase (in 8-bit) of Fourier 
transform of designed image and locating the known feature 
points. Pattern in k domain can be shrunk by magnifying 
image on SLM (see supplementary information). 
Measurements for reconstruction are all obtained from 
experiment without any patching with the help of prior 
information, even for the central part where overexposure 
might take place. 
Fig.6 | Experiment setup and result. a, b: diagram and of experiment setup. a is for “OXXO” and b is for “Lena”. Neutral density filters are not always in the 
number shown in a, because we have to choose different combination to attain proper intensity of laser. c: logarithmic display of measurement collected by CCD 
camera for diffraction of “OXXO”, counting between background noise and overexposure is adopted. d: image we cast on SLM. e: reconstruction from c, real 
part of phase shown. f: logarithmic display of picture captured by 16-bit CMOS camera for diffraction of “Lena”. g: picture captured by monitoring camera. Due 
to overlap of point spread function, dark fringe occurs where phase changes rapidly30. It is not illuminated in circle because beam is in slight skew and passes 
the aperture twice to reach the monitoring camera. Diffraction pattern here is mainly caused by aperture. h: reconstruction from f, real part of phase shown.  
 
For 32×32 “OXXO” image, aperture and beam expander are 
not employed. Neutral density filters with optical density (OD, 
transmissivity is 10
OD
) from 0.1 to 4 are placed in various 
combination, enabling each part of diffraction properly 
detected by CCD camera (Point Grey GS3-U3-28S4M-C, 
1928×1448, 8-bit). The 640×640 measurement is generated 
from 1353×1353 efficient zone of CCD by averaging vicinal 
pixels. Star-like noise pixels in measurement with high OD 
number are eliminated once found too bright than adjacent 
pixels; because diffraction pattern should be continuous if 
sampled with high density as ensured by linear superposition 
coefficient. The algorithm runs with squared 
1
G   and all-
ones matrix initial guess. With high sampling ratio R=400, we 
acquire the reconstruction shown in Fig.6e.  
 
For the 64×64 Lena image, a round aperture and a 10× beam 
expander (Edmund 55-578) are employed. We use pellicle 
beam splitters (Thorlabs CM1-BP145B2) instead of cube ones 
to avoid reflection between inner surfaces. Diffraction pattern 
is recorded by CMOS camera (Quantalux CS2100M-USB, 
1920×1080, 16-bit) in one shot without combination of neutral 
density filters. The 686×686 measurement is cut directly from 
the photograph. The algorithm runs with circular 
1
G  and all-
ones matrix initial guess. With the sampling ratio R=116, we 
achieve reconstruction shown in Fig.6h. The reconstruction 
for asymmetric Lena in this case appears to be asymmetric and 
preserve some features. Our experiment demonstrates that it 
is possible to suppress noise level around superposition 
coefficient and acquire reconstruction with distinguishable 
overlap. 
 
In conclusion, we demonstrate theoretically that one-shot 
measurement with high density in k domain contains enough 
information to reconstruct complex original field without 
prior knowledge. Algorithmically, reconstruction performs 
well for low-noise measurement, even for random complex 
object. While in high-noise environments, the degradation of 
the results is mainly manifested as the superposition of 
conjugate solutions. Our experiments demonstrate the 
feasibility of high density sampling and phase retrieval from 
noisy measurement. We successfully acquire the 
reconstruction tending to one side of conjugate solutions by 
suppressing noise adequately.  
 
Fraunhofer diffraction imaging for complex object could help 
biological real time non-staining microscopy. Future studies 
may focus on coherent light of hard X-ray wavelength for 
retrieving phase of field revealing depth and optical features 
with simplest light path. More techniques in computational 
imaging can be incorporated into our compatible scheme to 
avoid overlap and increase noise robustness. Better designed 
structural phase might exist so that the original field can be 
obtained directly by multiplying the intensities of high 
sampling rate without using any iterative algorithms. 
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